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Equations of Isothermal iow

Let us describe the unidimensionsl motion of gas in a pipe, when heat ex-
change end friction are present, thus:

(2 — 1)¥aw = - W2(kdly o k—1 ag,) ()
A _
vhere dQ, = qdx 1s the element of externsl heat and dl, = dx. Aw2/2gD is the
element of work done against friction (resistance), per kilogram of gas in the

path dx; also M2 = w2/a2, (Qe = externmal heat.)

L. . Replacing waw/g in (1) by its value from the energy equation dQ, = cpd:IH-
: Awdw/g, we find:

(M2 - 1) cpdl = kMPAQr - (1 - kM2)dQe ' (2)

It follows from (2) thet the condition governing the existance of isothermal
flow (4T = 0) in a pipe is: :

Qe = kMPdQ/(1 - KMB) (Q, is the heat of friction). : (3)

It also follows that isothermal flow in a pipe cannot be realized without
friction. . '
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Placing the value of dQ. from (3) into (1), we pbtain:

(1 - kM) waw/g = kM2dLy. (¥)

Finally, replacing wdw/g in (4) by its value from Bernoulli's equation
waw/g—- vdp +-dL. = 0, we find:

(1— kM) vap = — dL,. .w2/g (5)

Physical Peculiarities of & Gat Limit State in Isothermal Flow

From equations (3), {4), (5) it follows that isothermal flow is a limiting
state and that its singular (critical) point corresponds to the number M* = 1 Vk;
for k = 1.k, M* ~20.845,

Actually, since d.Lr/d.x = >\w2/2gD is always essentially positive, we have,
for M+ = 1/7k, dpr/dx = awe/dx = dQe*/dx = q = dM*/dx = ds*/dx = oo, since
ds * d3/T = (dQe+ dQr)/T = dQr/T(1 - KM2).

Thus, a continuous transition through M = 1 ¥k in isothermal flow is im-
possible (see Figure 1). '

The physical meaning of the limiting state of isothermal flow consists , con-
sequently, of this: to preserve T = constant at the singular point the intensity
of heat supply (q = dQe/dx) Zncreases without limit.

. Let us investigate the frictional process at the singulaz_' point. We find
i from {4} dL/dM = (1 - kMP)RT/M; hence, dL,*/aM = 0 (M = 1/ 7/K). In addition,
" dLp*/dx = \RT/2Ds4 0,

} From dL.¥/dx% 0 and dL.*/dM = 0 we obtain another important peculiarity
‘of the limiting state of isothermal flow: at the singular point the frictional
;Pxocess proceeds on the reverse isotherm, since all the heat of friction is con-
iverted reversibly ﬁiterally "back_‘j into kinetic energy of flow. But Just as
“the presence of friction accounts Tor the presence of isothermal (irreversible)
i flow, 8o the reversibility of the process in the limiting state excludes the
‘ poseibility of T = const. flow in & Cylindrical pipe.

It also follows from equations (3), (4), (5) that when external heat is
s(zuppl}efd_ §dQe> 0) isothermal £low .an be reslized cnly in the region O<M<M¥*
= 1/Yk).

- When heet i carried off (dQv < 0) isothermal flow is possible only in the
region M¥* < M < 00, :

Relation Between Gas Parameters and Dimensionless Length of Pipe

The gas pa.rémeters in isothermal flow are related by the following ratios:
wpl¥iz vp/vy P1/p2 = Mp/Mp’ ' (6) W

The reﬂ;/tion between the dimensionless length of the pipe and the number
M 1s given by the expression: :

Ax/p = Bn g - (1) - (i3 — i), | (M -

which is found from the integration (3) of Bernoulli's equation (by setting A= .-
constant): waw/g~- vdp-f- A w2dx/2gD = 0. (Note: The assumption that A is
indepegdent of Re is sufficiently accurate for large values of the Re numbers

( > 109), for both srooth and rough pipes. Thus, it follows from Nikuradze's’
well-known formula A= 0.003240.221/Re0-237 that X decreases 24% when Re in-

creases from 107 to 108. Rumerical investigations have not revealed any influ-
ence of M upon ) .) ' ‘
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Figure 2 shows the influence of initial M; on the limiting value of ‘ 4
Ax#*/D, corresponding to M* = 1/ Yk. Employing the ratios (6) and equa- :
tion (7) one cen find the functions M(x), w(x), p{x), ¥(x).

Determination of Heat Supplied to a Gar in Isothermal Flow ]

External heat: Qg = A(W3 — w;2)/2g = & AKRT(ME — M3) (8)
Total heat; ét = TAS = ART-1n Mp/M; (9)
Heat of friction: Q. = Qg — Qe = ART/In Mp/M; — 3k(3 — M)7  (10)

Figure 3 shows the influence of the number M upon Qe, Qi, Qr and also
upon the function :

dQ,/dQy = 29/ A AKRT - kMZ/(1 — KkM°) (11)
which is proportional to the intensity of heat supply.

Variation of the Temperature of the Pipe's Wall With the Nurmber M

Let the external heat (Q,) required for maintenance of constant tempera-
ture be supplied through the wall of the channel. Then, on the basis of the
hydrodynamic theory of heat exchange (2), we have:

d9e = Acp(Tw - To)dx = 3 Acp'r(li-k—;—l ¥2) (®- l);)E (22)
2D
where ® = T_/T, is the dimensionless tempgrature of the wall, T, is the tem-
perature of the wall, and T, = T(1+ k1ly ) is the temperature of the com-
pletely stopped flow in the boundary _lg;er.

Setting in (3) the value of dQ, from (8) and dL., we find after a trans-

formation:
® = o /r, = 1+ ki1 — wd)L .1 - k—;—l-me)'l,- (13)
Ty /T (l+5—;—1 M2 I“’-‘i ); (131)
when M = 0, then @ = 1 and T/T = 1;

when M = M¥ = 1/ Yk, then ® = oo and T,/T = 0.

Consequently, to the variation of M in the limits M¥* >M >0 corresponds
the variation of @ and T,/T in the limits c0o > ® > landoo > T,/T > 1
(See Figure 4).

Formulas (7) and (13) permit one to determine the variation of the wall's
temperature along the pipe.

Conslusions

1. The limiting states in gas flows with hea* exchange and in the pres-
ence of friction, which are connected with the transition through the speed of
sound, are well known and studied: I. I. Novikov 1_7 has shown that these
flows (except isentropic flow) are not polytropic (n = constant #k), since at
the singular point the process necessarily takes plsce isentropicelly along
the reversible adiabatic curve (n = k).

2, From the above, however, it follows that there exist even other classes
of limiting flows. ‘o them, for example, belongs isothermal Flow with friction

{m.= 1), for which the limiting state is determined by the transition through
Mal/ Yk, 3. '
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3. In the limiting state the process of flow in a real gas proceeds 1
, reversibly /I, 2/; this means that at the singular point the heat of fric- ]
: tion ie converted reversibly to the kinetic energy of flow. |
] i
‘. |
: > :
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Figure 1. Variation of the Number M Figure 2. Influence of the
Along a Pipe During Isothermal Flow Number M3 on the Parameter
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Figure 3. Influence of the Number M UFVigure Lk, Influence of the

on the Heat Supplied to a Gas in Number M on the Dimensionless
Isothermal ‘Flow (Ml w= 0,05) Temperature of. the Wall During
. Isothermal Gas Flow
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